Abstract-To improve the quality of life for lower-limb amputees, powered prostheses are being developed. Advanced control schemes from the field of bipedal robots, such as hybrid zero dynamics (HZD), may provide great performance. HZD-based control specifies the motion of the actuated joints using output functions to be zeroed, and the required torques are calculated using input-output linearization. For one-step periodic gaits, there is an analytic metric of stability. To apply HZD-based control on a powered prosthesis, several modifications must be made. Because the prosthesis and amputee are only connected via the socket, the prosthesis controller does not have access to the full state of the biped, which decentralizes the form of the input-output linearization. The differences between the amputated and contralateral sides result in a two-step periodic gait, which requires the orbital stability metric to be extended. In addition, because human gait is variable, the prosthesis controller must be robust to continuous moderate perturbations. This robustness is proved using local input-to-state stability and demonstrated with simulations of an above-knee amputee model.
cannot. To improve amputee gait quality, several groups have developed powered prostheses capable of generating positive work for both above- [9] , [10] and below-knee amputees [11] , [12] . The controllers typically divide the stride into multiple periods with a distinct control law for each period [13] , resulting in large numbers of parameters to be (manually) tuned [14] . One of the more common control methods is impedance-based control, which effectively defines a spring and damper system for each gait period [9] , [15] . For basic impedance-based control, the stride is divided into four or five sequential periods and the controller progresses to the next period when the kinematic or kinetic switching criteria has been met [9] . Because the impedance parameters are constant within a period, the prosthesis passively guarantees a stable equilibrium configuration if the parameters are properly chosen but cannot accommodate period-shifting disturbances or react in a manner that requires positive work. Rather, it is left to the amputee to react to perturbations and actively stabilize the entire gait cycle.
A control strategy that actively reacts to perturbations might relieve the amputee of some of the cognitive and physical effort of gait. To accomplish this, the controller must be able to vary joint positions and/or torques in a continuous manner so that it can react to perturbations, rather than using a few set points as in impedance-based control. This requires the progression of the gait cycle to be parameterized in a unified, continuous manner. Recent work has shown that human joint patterns are parameterized well by a phase variable [16] , [17] , which is a kinematic quantity that measures how far a step (or stride) has progressed. In addition, pre-clinical work has demonstrated that phase-based controllers can successfully control powered prostheses [18] , [19] , although determination of the best control strategy is still very much an open question.
A promising phase-based control framework is hybrid zero dynamics (HZD). HZD-based control has successfully generated stable walking for 2D-point- [20] , 3D-point- [21] , and 2D-curved-foot [22] bipedal robots. In addition, HZD-based models can predict healthy human walking [23] and robustly enforce simplified model dynamics [24] . Under an HZD-based control paradigm, bipeds are assumed to be underactuated, the step is driven by the phase variable, and each step is divided into a finite-time single support period and an instantaneous, impulsive double-support period [20] . During the single support period, the motion of the actuated degrees of freedom (DoF) are typically encoded in output functions to be zeroed [25] although other options are possible [26] . The joint torques are determined using input-output linearization. The motion of the unactuated DoF are captured in the zero dynamics. Since gait is typically assumed to be one-step periodic, orbital stability can be evaluated using the method of Poincaré [20] . If the desired gait respects the impact dynamics (i.e. is hybrid invariant), then orbital stability can be evaluated using just the lower-dimensional zero dynamics [27] , [28] .
HZD-based control becomes more challenging on a practical prosthesis, which only has information about its own state (from onboard sensors) and not the full biped state as in robotics. Thus, existing formulations for HZD-based control cannot be directly applied to prosthesis control. A related problem arises in multi-machine power systems. Similar to the human-prosthesis system, the dynamics of each subsystem are both nonlinear and coupled [29] . For a prosthesis, the challenge lies in deriving the input-output linearizing controller for a coupled periodic mechanical system, rather than an aperiodic electrical system. Because the prosthesis is attached to the human via a socket, the human and prosthesis interact through the socket interaction force. This coupling force represents the effects of one subsystem on the other and can be used to account for the human's dynamics in the prosthesis controller. One control approach is to account for the forces during gait design and then ignore them in the controller, but this neglects the human input to the prosthesis [30] . The approach taken here is to directly account for the socket interaction force. In hardware, the socket interaction force can be measured, but equations to calculate it in simulation must be derived.
An additional challenge in controlling a prosthesis is the variability in human gait [31] . Because robot gaits are typically designed to be periodic, most formal stability metrics assume periodicity. There are some metrics that measure robustness to larger perturbations and aperiodic gait [32] [33] [34] [35] [36] , but most are either difficult to apply or inappropriate for human gait. Perhaps the most promising robustness metric is input-to-state stability (ISS) [36] which can be used to prove bounded output for bounded variability. Alternatively, robustness can be assessed by simulating a large number of aperiodic steps and seeing if and when the biped falls [35] . This requires that the simulated human variability be realistic, and that the human model be somewhat predictive of human behavior when interacting with the prosthesis.
Despite these challenges, pre-clinical work has shown that a powered above-knee prosthesis controlled with an HZD-like controller during stance and an impedance-based controller during swing allows amputees to walk at a variety of speeds and ground slopes [19] . That work did not generalize the inputoutput linearizing controller to the prosthesis swing phase or, to allow for more realistic modeling, to the human subsystem. The work also did not make use of the reduced order system to develop an analytical metric of stability, in part because the output functions were not hybrid invariant.
The present work extends the modeling and control methods needed to formally develop hybrid invariant, input-output linearizing prosthesis controllers for the entire stride and to predictively test these controllers in simulation. Specifically, using an asymmetric biped, this work Fig. 1 . Schematic of the above-knee amputee model, with the prosthesis shown in black and the human shown in gray. The generalized coordinates are shown in red. Both legs have actuated knee and ankle joints. In addition, there is one actuated rotational DoF at the hip. The foot-ground interface is unactuated. The prosthesis generalized coordinates are the hip position (q x and q y ), the unactuated absolute angle (q 1 ), and the actuated prosthesis joint angles (q 2 and q 3 ). The human generalized coordinates are the hip position (q x and q y ), the unactuated absolute angle (q 1 ), and the actuated human joint angles (q 4 , q 5 , and q 6 ).
1) constructs input-output linearizing controllers for the entire gait cycle for both the human and prosthesis using only information available to each subsystem, 2) derives conditions to ensure hybrid invariance, 3) develops an analytic metric of stability for asymmetric gait using a reduced order system, and 4) proves and demonstrates that the amputee-prosthesis system is robust to human-like kinematic variation. Some of the results (namely, the controller and stability metric) were preliminarily presented in [37] . The present paper provides a comprehensive discussion of the full theoretical framework needed to formally derive hybrid invariant, input-output linearizing controllers for a biped with two connected but distinct subsystems. It also presents realistic simulation results demonstrating both orbital stability and robustness to humanlike variability. While the presented simulation results are for an above-knee amputee, the theoretical results are equally applicable to a below-knee amputee.
II. MODEL

A. Physical Model
The full planar model of the unilateral above-knee amputee consists of seven leg segments plus a point mass at the hip to represent the upper body (Fig. 1, [37] ). Rather than model all of the DoF of the foot, the function of the foot and ankle is modeled using a circular foot plus an ankle joint [23] to capture both the center of pressure movement [38] and the positive work performed at the stance ankle [39] . To account for the lack of information transmitted between the human and prosthesis, the full model can be divided into a prosthesis subsystem and a human subsystem [19] . The prosthesis subsystem consists of the prosthetic thigh, shank, and foot. The human subsystem consists of the contralateral (non-amputated side) thigh, shank, and foot, the residual thigh on the amputated side, and the point mass at the hip. To ensure the modeling equations are accurate, the following hypotheses must hold:
Hypothesis 1:
1) The prosthetic thigh and residual thigh (i.e., stump) are rigidly attached. 2) Both the prosthetic thigh and the stump have non-zero length.
3) The biped rolls without slip. Thus, the foot-ground connection is unactuated and has no applied torque. 4) All remaining joints are actuated using torque generators with no dynamics of their own. Thus, the biped is underactuated by one DoF. 5) The vertical ground reaction force (GRF) at the stance foot is positive. The swing foot has no GRF. To describe the motion of the biped, each subsystem has its own set of generalized coordinates. In general, each subsystem's generalized coordinates should be the relative angles of its actuated joints, the absolute angle of the unactuated DoF, and the Cartesian coordinates of a fixed point on the biped. For this model ( Fig. 1 T for the human. Because the prosthesis is rigidly attached to the residual limb, forces and moments are transmitted through this interface and provide an indirect measure of the motion of both subsystems via the socket interaction force
T . The vector F contains two forces (F x , F y ) and a moment (F M ), but will be referred to as the socket interaction force for conciseness. The leg in stance also experiences horizontal and vertical
T . Remark: Hypothesis 1.2 is needed to ensure that the joint torques u and socket interaction torque F M are unique. If the connection between the prosthetic thigh and stump is at a joint, there is no mathematical distinction between the actuator torque and the socket interaction torque.
Each stride progresses through a prosthesis stance period, an instantaneous impact, a contralateral stance period, and a second instantaneous impact (Fig. 2) . The two stance periods are modeled with continuous, second-order differential equations. The two impact periods are modeled using an algebraic mapping relating the state just before impact to the state just after impact. The stance leg switches during the impact period.
B. Single Support Periods
During the single support periods, the motion of each subsystem can be described using that subsystem's generalized coordinates and the forces acting on that subsystem [37] . The equations of motion (EoM) relating the generalized coordinates to the forces are:
(1) Fig. 2 . The periodic gait. The ξ terms are the zero dynamics coordinates used for the reduced system (Section IV). For simulation, a stride starts just after the transition from contralateral stance to prosthesis stance and proceeds through the prosthesis stance period, an impact event, the contralateral stance period and a second impact.
Throughout this paper, the subscript i indicates which subsystem the term is for, with P indicating the prosthesis subsystem and H indicating the human subsystem. The subscript j indicates which leg is in stance, with P indicating the prosthesis and C indicating the contralateral leg.
is the N i × M i matrix relating the input torques to the generalized coordinates, and J i (q i ) is the 3 × N i matrix relating the socket interaction forces to the generalized coordinates. For an above-knee amputee, there are N P = 5 generalized prosthesis coordinates, M P = 2 prosthesis joint torques, N H = 6 human generalized coordinates, and M H = 3 human joint torques. The matrices are found using the method of Lagrange. Except for the constraint matrix E ij (q i ), all matrices are identical regardless of which leg is in stance.
To attach the biped to the ground, the constraint equation is used 1 [40] :
Lemma 1:
Proof: Without loss of generality, assume the last two entries in q i are the orthogonal Cartesian coordinates q x and q y oriented so that q x is aligned with the direction of travel. Because the stance foot cannot penetrate the ground (Hypothesis 1.5), there is a constraint in the vertical (or q y ) direction. Because the stance foot rolls without slip (Hypothesis 1.3), there is also a constraint in the horizontal (or q x ) direction. These constraints can be written in vector form using standard kinematic methods as
where
T is the velocity of the fixed point on the biped and v rel is the velocity of the foot relative to the velocity of the fixed point [22] . The relative velocity does not depend onq x orq y . Eq. (3) is multiplied by dt to obtain the virtual displacements and rearranged into the form 0 = E ij (q i )δq i where δq i are the virtual displacements. Clearly, E ij (q i ) must be of the form E ij (q i ) = [E 1ij (q i ) I] where E 1ij (q i ) is some matrix and I is the 2 × 2 identity matrix. Thus, the rows are independent.
Solving the EoM (Eq. (1)) forq i , substituting it into the derivative of Eq. (2), and solving for the GRF gives [40] 
Substituting the GRF (Eq. (4)) back into the EoM (Eq. (1)), solving forq i , and rewriting as a first-order ODE giveṡ
Eq. (5) defines the motion of subsystem i when leg j is in stance and clearly demonstrates how completely the full system is divided into two subsystems. x i are the generalized coordinates and their derivatives for subsystem i. The functions f ij , g ij , and p ij only depend on x i , the state for that subsystem. Further, these functions are derived without any knowledge of the other subsystem because there is no dependence at all on the other subsystem. As will be shown in Section III, the joint torques u i for subsystem i can also be chosen so that they only depend on the state of subsystem i and the forces acting on subsystem i. Thus, the only direct coupling between subsystems occurs through the socket interaction force F .
C. Impact Periods
As is common for bipeds controlled under the HZD paradigm, the instantaneous impact period is modeled with an algebraic mapping (e.g., [20] [21] [22] [23] ). To develop the stability metric (Section IV), the mapping must be fairly simple 2 . Similar to the results for the single support periods, a separate mapping is found for each subsystem. To use the impact model in this work, the following conditions must be satisfied:
1) The impact occurs instantaneously.
2) The configuration of the biped does not change.
3) There is a non-negative vertical ground reaction impulse on the front (pre-impact swing) foot. 4) The front foot rolls without slip. 5) The trailing (pre-impact stance) foot lifts off the ground without interaction. 6) The torque generators do not apply impulsive torques. The position portion of the impact map is trivial:
where the superscripts '−' and '+' refer to the instants before and after impact, respectively. Throughout this paper, the subscript k indicates the impact period, with P → C indicating a transition from the prosthesis stance period to the contralateral stance period and C → P indicating a transition from the contralateral stance period to the prosthesis stance period. To find the velocity portion of the impact map, the EoM for each subsystem (Eq. (1)) are integrated over the instantaneous duration of impact and simplified [20] , [22] . To fix the biped to the ground, the post-impact constraint equation (Eq. (2)) is used. This gives [37] q
where F is the socket interaction impulse,
, and I is the identity matrix of the indicated size. Just as for the single support periods, the two subsystems are only coupled through the socket interaction impulse during impact.
To simulate the full human plus prosthesis system, an equation for F must be found. Because the human and prosthesis subsystems share some generalized coordinates, the motion of these shared DoF must be the same for both subsystems: Substituting the impact map (Eq. (7)) into Eq. (8) and solving the square linear system for the socket interaction impulse yields
As expected, the socket interaction impulse depends on the motion of both subsystems. Thus, while each subsystem can be modeled separately, the motion of one subsystem does have an indirect effect on the motion of the other subsystem.
III. CONTROL
To control both subsystems, input-output linearization is used [20] , [42] . Except for the stability analysis (Section IV), the results for subsystem i are independent of the form of the other subsystem's controller. This means that the development of the prosthesis controller does not depend on having an accurate model of the human's neuromuscular control. To account for the lack of information transmitted between the human and prosthesis, the prosthesis controller only uses information that could be collected by on-board sensors, i.e., the prosthesis generalized coordinates and associated derivatives, the socket interaction force, and the GRF on the prosthetic side [19] . Similarly, since the human cannot directly sense the prosthesis state, the human controller only uses information about the human generalized coordinates and associated derivatives, the socket interaction force, and the GRF on the contralateral side.
A. Hybrid Invariant Output Functions
To implement the input-output linearizing controllers, output functions must be defined to characterize the desired kinematics of the actuated joints. A total of four (vector-valued) output functions are required because each subsystem i requires an output function for each stance period j (Fig. 2) . In turn, each output function requires a kinematic phase variable that parameterizes the progression through a step and captures the motion of the unactuated DoF. For convenience, phase variables are typically chosen to be linear combinations of the generalized coordinates [20] :
where θ ij is the phase variable for subsystem i when side j is in stance and c ij is a 1 × N i vector used to convert the generalized coordinates into the phase variable. To capture the unactuated DoF for the amputee model ( Fig. 1) , the phase variables must depend on an absolute coordinate (q 1 , q x and/or q y ). As is typical for bipedal robots under HZD-based control (e.g., [20] , [22] ), the output functions were parameterized using Bézier polynomials:
h des,ij is the desired joint angles for subsystem i when leg j is in stance, Q is the degree of the polynomial, a ij m are the polynomial coefficients, 0 ≤ s ij ≤ 1 is the normalized phase variable, θ + ij is the value of the phase variable (Eq. (10)) for subsystem i at the start of single support period j, and θ − ij is the value of the phase variable just before impact. h des,ij are often called virtual constraints because they represent constraints on the system that are enforced via control rather than with mechanisms [25] . To ensure a physically realizable gait, the output functions must ensure that:
Hypothesis 3: 1) both feet are on the ground at impact, 2) the phase variable increases monotonically, 3) the GRF conditions in Hypotheses 1 and 2 are met, 4) all torque limits are respected, 5) all joint limits are respected, and 6) the gait is periodic.
To perform the stability analysis, the gait must be hybrid invariant. In other words, if the output functions are zero just before impact, they must also be zero just after impact. For position invariance, the output functions must satisfy
which, if the output functions are Bézier polynomials, gives
The position invariance conditions ensure that the desired configuration at the beginning of one step is the same as the desired configuration at the end of the previous step. For velocity invariance, the output functions must satisfy
where the post-impact velocities can be calculated using Eq. (7) and the pre-impact velocities. If the output functions are Bézier polynomials, the velocity constraints are equivalent to
In practice, choosing output functions that ensure a hybridinvariant gait a priori requires knowledge of both subsystems. Because the impact periods are unactuated, neither subsystem has direct control over the impact dynamics. As a result, the post-impact velocities depend on the pre-impact velocities of both subsystems, which causes the output function for subsystem i to be a function of both subsystems. To develop gaits that only depend on subsystem i, the designer can either not enforce hybrid invariance or can update a nominal output function every step. The prosthesis work in [19] took the first approach and used a stabilizing controller to drive the start-ofstep joint errors to zero. The method used here (which is a decentralized version of the centralized control scheme used by some bipedal robots [28] ) calculates a new output function every step using Eqs. (12) and (14) that converges to the nominal trajectory by the next impact. Since the output function is redefined at the start of every step, the measured postimpact velocities are used, eliminating the need for the (preimpact) velocities of the other subsystem. This second method provides the designer with more direct control over deviations from the nominal trajectory, which are common in human walking. However, both methods result in prosthesis output functions that only depend on quantities that the prosthesis can sense.
B. Input-Output Linearization
The output functions and system dynamics can be used to determine input-output linearizing joint torques.
Theorem 1: Assume the EoM for subsystem i during period j is given by Eq. (5) and that Hypotheses 1 and 3 are met. Let the output functions be given by
where h ij is a vector-valued function 3 of dimension M i . Then the input torque required for input-output linearization is
and where v ij is a stabilizing controller. Proof: The output (Eq. (16)) is differentiated twice and the EoM (Eq. (5)) are substituted in to define the output dynamics [37] :
Because Eq. (5) explicitly depends on the socket interaction force F , the output dynamics also explicitly depend on F . This is different from the standard formulation [20] . To cancel the nonlinearities in the output dynamics, setÿ ij = v ij and solve for the input torques. This yields Eq. (17) .
Remark: Eq. (17) defines the input torques required to cancel the nonlinearities in the EoM and zero the tracking errors for subsystem i when leg j is in stance. The input torque for subsystem i only depends on quantities that subsystem i can measure. The joint torque for subsystem i depends (indirectly) on the motion of both subsystems because the socket interaction force appears in Eq. (17) , but the motion of subsystem i's actuated joints are completely independent of the motion of the other subsystem. Further, the phase variable (Eq. (10)) for each subsystem can be different and can increase at different rates as observed between legs in able-bodied human locomotion [17] . Thus, the controller for subsystem i can be developed with no knowledge of even the form of the other subsystem's controller.
Eq. (17) combined with sensor measurements can be used to compute the input in hardware. However, for simulation, the socket interaction force F needs to be determined. Substituting the EoM (Eq. (5)) and torques (Eq. (17)) into the derivative of the matching equation (Eq. (8)) and rearranging gives [37] 
If Hypothesis 1.2 is met, F den,j will be invertible because Eq. (19) calculates forces that are internal to the full humanprosthesis system. The socket force is linear in velocity, which will be important when analyzing stability (Section IV).
IV. STABILITY
Since unilateral amputee gait is two-step periodic, local stability can be evaluated using the method of Poincaré [37] . The instant before the prosthesis stance period is the Poincaré section. To reduce the dimension of the Poincaré map, a nonlinear coordinate transformation is applied to the system to render most coordinates equal to zero if the output functions are hybrid invariant [28] . For a planar, symmetric biped with full knowledge of its state, it is possible to find an analytic orbital stability criteria. The goal is to show that this is also possible for the coupled human plus prosthesis system [37] .
There are twelve independent coordinates (6 position and 6 velocity) for the full human plus prosthesis system. The hip position is a function of the joint angles and not independent because the biped rolls without slip. For reasons that will be explained later, the transformation between the original, nonlinear EoM and the new linearized system will only be for the twelve independent coordinates. The first 10 coordinates in the new system are given by
Because y ij is the output for subsystem i when leg j is in stance, η 1j and η 2j represent the error in configuration and velocity for the entire system. For a hybrid invariant gait on the periodic orbit, η 1j and η 2j equal zero. Since the goal is to design a stable controller for the prosthesis, a logical choice for the final two coordinates is [20] 
where θ P j is the prosthesis phase variable andM P j1 is the top row 4 of the prosthesis inertia matrix found using only the prosthesis joint anglesq P = [q 1 q 2 q 3 ]
T . Since the human motion does not appear in the zero dynamics coordinates (ξ 1j and ξ 2j ), orbital stability may only depend on the prosthesis, and the motion of the human can be ignored. This is advantageous because the designer has direct control over the prosthesis controller whereas human motion can be difficult to predict. Differentiating Eqs. (20)- (23) gives the EoM in the transformed system:
whereC P j1 is the top row of the centripetal and Coriolis matrix, N P j1 is the top entry in the gravity vector andJ T P j1 is the top row of transpose of the Jacobian matrix that relates the socket interaction forces to the generalized coordinates, all for the prosthesis and found usingq P . The new system can be viewed as a linear upper system that only depends on η 1j and η 2j and a passive, nonlinear lower system of dimension two that depends on all of the prosthesis coordinates. If the position of the hip was included in the coordinate transformation, then the dimension of the lower system would be four and it may no longer be passive. Both the increased dimension and the non-passive nature of the lower system may prevent the determination of an analytical metric for orbital stability.
Sinceη 1j andη 2j are zero on the periodic orbit,ξ 1j andξ 2j determine the orbital stability. For a symmetric biped with full knowledge of its state, Eqs. (26) and (27) can be combined into a single, first order linear differential equation in which the independent variable is ξ 1 . This equation can then be integrated over a periodic step and the impact map applied to obtain an analytic expression for the Poincaré return map [20] , [22] . To formulate the first order differential equation, the fact thatξ 2 is purely quadratic in velocity is exploited. However, when ξ 2j is chosen as in Eq. (23),ξ 2j has a linear velocity term due to the socket interaction force (Eq. (19)). As a result, it is no longer possible to formulate a linear differential equation, and there is no obvious analytic solution for the nonlinear differential equation.
While it is possible to compute the Poincaré return map numerically, there is an additional issue. When the prosthesis is in stance, its EoM can be formulated without including the hip position in the generalized coordinates because the prosthesis is fixed to the ground. When the prosthesis is in swing, the hip position must be included in the generalized coordinates, either directly or as a function of the human state. Neither option is appealing, the first because it increases the dimension of the zero dynamics and the second because stability no longer just depends on the prosthesis. In addition, regardless of which foot is in stance,ξ 2j is a function of both the human state and the prosthesis state due to the socket interaction forces. Taken together, it appears there is no advantage in using just the prosthesis to define ξ 2j . This is not surprising because the motion of the full system is defined by the motion of both the prosthesis and the human, so it is reasonable for the stability to depend on both the prosthesis and the human.
Since the orbital stability depends on both subsystems, it is easiest to combine the two subsystems and evaluate them together. Thus, ξ 2j is chosen as
where M •j 1 is the top row of the inertia matrix for the full human plus prosthesis system and q = [q 1 q 2 q 3 q 4 q 5 q 6 ] T . Again, without loss of generality, the unactuated angle is q 1 . Note that M •P 1 = M •C 1 because the inertia matrix includes the ground contact constraint. Choosing ξ 2j as in Eq. (28) depends on the full biped state, so the methods to evaluate stability in [20] and [22] can be used. The controllers remain independent even though the stability analysis depends on the motion of both subsystems.
Using Eqs. (20)- (22) and (28) as the coordinates for the transformed system, the procedure in [22] is followed to obtain analytic equations relating the state of the biped just after impact to the state just before the next impact. Briefly, the equations for the zero dynamics (Eqs. (22) and (28)) are combined into a scalar, linear, first-order differential equation for each stance period and those equations are integrated over the corresponding stance period and combined to find a discrete analytic equation of the entire stride. This equation is then differentiated to find the stability metric.
The integrated zero dynamics are
for the prosthesis stance period and
for the contralateral stance period, where
The inertia matrix M •j is for the full biped and found using q and M •j 1 is the top row. Similarly, N •j 1 is the top entry from of the gravity vector found using q. ξ − 1j is the value of ξ 1j evaluated just before the transition from the side j stance period (Fig. 2) , while ξ + 1j is the value of ξ 1j evaluated just after the transition to the side j stance period. To convert between joint angles q and ξ 1j , use
To find the restricted Poincaré return map, Eqs. (29) and (30) can be related using the impact map for the full system:
M e is the inertia matrix for the whole biped when the generalized coordinates are the joint angles plus the hip position, E e,k is the constraint matrix used to attach the pre-impact swing foot to the ground when the generalized coordinates are the joint angles plus the hip position, Λ 11 is a 6 × 6 matrix, and Λ 12 is a 6 × 2 matrix. The 2 × 6 matrix E 1,k transforms the pre-impact single support joint velocities into the pre-impact hip velocities. All terms are evaluated using the impact configuration. Theorem 2: Assume that the conditions in Hypotheses 1-3 are met, that the controller for each subsystem is defined as in Theorem 1, and that the output functions are hybrid invariant. Then the local stability criterion for a two-step periodic gait is
All four terms depend on the motion of both subsystems. Proof: The motion during the single support periods are given by Eqs. (29)- (30) . The impact dynamics are given by Eq. (33) . Substituting the impact dynamics into the single support dynamics and solving for the state at the end of the contralateral stance period gives Thus, Eq. (36) will be greater than 0. Orbital stability of the full system and the restricted system are equivalent [20] . Remark: If the full system is symmetric and the gait is onestep periodic, then Eq. (36) is the square of the stability metric developed in [22] for robots with curved feet. This is because Eq. (36) captures the reduction in error after two steps, instead of just one as in [22] . For a two-step periodic gait, this means that both steps do not have to be stable on their own. If one step is unstable (i.e., magnifies errors) but the other step is highly stable (i.e., strongly reduces errors), then the entire two-step gait may be stable. Thus, if a prosthetic controller can ensure that one step is highly stable, then the entire stride may also be stable even if the human behaves in an unexpected manner. In practice, this likely translates to ensuring that the prosthesis stance period is highly stable given a reasonable nominal human motion.
The stability criterion serves as a nonlinear constraint on the human and prosthesis output functions used to define a gait [43] because a usable gait must be stable. If the zero dynamics are stable, the stability of the full system can be easily proven if the output feedback controller v ij in Eq. (17) is defined using PD controllers [20] or control Lyapunov functions [44] .
Because every human step is slightly different, it is important that the gait is robust to these perturbations. Since the stability metric only provides a measure of local stability for a periodic gait, it cannot be used to quantify robustness. Instead, this can be verified using local ISS [36] , which is defined mathematically in the following result.
Corollary 1: Let the output function be given by
where h * is the fixed point for the unperturbed gait, n is the number of gait cycles (a non-negative integer), and x n = P(x n −1 , a per n −1 ) is the return map of the perturbed system over a gait cycle.
Proof: The input for the full system can be written as
(39) Thus, the return map can be written as a function of the state and the input. Because of the coupling between subsystems, the full system must be considered when finding the return map. This means that local ISS is a system property just like orbital stability. The proof is then immediate by linearizing about the unperturbed gait and using the results in [45] .
V. SIMULATION
The ability of the proposed controller to generate robust, stable gaits at both slow (≈ 1.0 m/s) and normal (≈ 1.2 m/s) speeds are demonstrated via simulation. Using periodic gaits for both the human and prosthesis subsystems, stability is quantified using the developed stability metric (Eq. (36)) and then demon- strated with simulations. Based on Corollary 1, the gait should be robust to human-like variability since the variability in human walking is bounded (i.e., 2 exists). This is demonstrated by adding human-like variability [31] , [46] to the human controller and simulating 250 steps (≈ 0.1 miles). Ten trials of 250 steps each were conducted for both speeds. For comparison, healthy gaits at the same speeds were found using a symmetric model with centralized control. The human model is anthropomorphic (Table I , [38] , [47] ). The prosthesis properties are based on the powered above-knee prosthesis at the University of Texas at Dallas. The periodic, hybrid-invariant output functions for both controllers were chosen by hand to approximate healthy human gait at the appropriate speed [23] , although no effort was made to impose either symmetry or asymmetry on the resulting gait 5 . The phase variable for both subsystems was the horizontal hip position. The desired joint angles were parameterized using fifth-order Bézier polynomials (Eq. (11)). The stabilizing controller v ij was a PD controller:
To evaluate robustness, sinusoidal variability terms were added to the human output functions:
where ω v ar is the frequency of the variability, and a v ar k and b v ar k are magnitude coefficients. To best approximate human variability, K = 2 for the contralateral stance period and K = 1 for the contralateral swing (prosthesis stance) period [31] . All coefficients were randomly chosen each step from distributions based on experimental human data. Variability was not explicitly added to the prosthesis controller. The variation in the human controller introduced variability into the impact dynamics, which in turn caused non-zero start-of-step errors for both controllers. Hybrid invariance was enforced with the addition of polynomial correction terms [46] , [48] :
The polynomial coefficients a inv des,ij were chosen to ensure position and velocity continuity at the start of each step and position, velocity, and acceleration continuity at the middle of the step (s ij = 0.5). To evaluate robustness, the human output function is
and the prosthesis output function is
A. Periodic Gaits
The stability metric for both periodic gaits are between 0 and 1, so the gaits have orbital stability (Table II) . As expected, when started on the periodic orbit, errors are on the order of the simulation's numerical precision. If the simulation's initial conditions are not exactly on the periodic orbit, the biped converges to the orbit after several steps (Fig. 3) . Taken together, this clearly demonstrates that the gaits are indeed stable and hybrid invariant. Since the gaits are stable, the amputee may not have to react to or compensate for perturbations on behalf of the prosthesis, which could reduce both the physical and mental effort required for gait.
Due to the asymmetries between the amputated and contralateral legs, the gaits are two-step periodic as expected (Table II, Figs. 3 and 4) . Also as expected, the gaits capture key features of human walking such as weight acceptance in the early part of stance. While details are not provided here, the simulation is able to walk at a wide range of speeds and with varying degrees of biomimicry. As a result, prosthesis controllers can be designed systematically, either via optimization [23] or by systematically transforming known joint angle trajectories into virtual constraints [49] .
B. Variable Gaits
Both the asymmetric, distributed amputee gaits and the symmetric, centralized healthy gaits are robust (Table III) . Comparing the performance of the two models shows that the amputee gaits are at least as robust as the healthy gaits. At both speeds, when human-like variability was added to the human controller in the amputee model, the model successfully walked 250 steps in each of the 10 trials. This indicates that the prosthesis controller is robust to moderate sized perturbations as expected. It also shows that having one variable subsystem and one fixed subsystem does not destabilize the full system.
The mean temporal values for the variable gaits are very similar to the values for the periodic gaits (Tables II and III) . The standard deviations are similar for both gait speeds and both stance periods even though the prosthesis controller does not explicitly include variability. Interestingly, adding variability decreases the average walking speed for a symmetric healthy model (Table III, [46] ) but has little to no effect on the average walking speed for the asymmetric amputee model. Since one of the major causes of the reduced speed for healthy gait is likely reduced stance ankle work, the consistent prosthesis ankle work combined with a natural persistence of temporal perturbations [50] may be enough to prevent a reduction in speed for the human-prosthesis system.
As designed, the human joint angles have significant variability throughout the step (Fig. 5) . For the prosthesis, the first half of the step is variable as the start-of-step errors are zeroed using the correction polynomials (Eq. (42)) but the second half of the step is consistent. This clearly shows the divided nature of the controllers. Even though the human subsystem is not tracking a single nominal trajectory, the prosthesis subsystem consistently zeros errors arising from the passive impact phases and accurately tracks a single nominal trajectory. The model can be extended to include a finite-time, actuated double support (impact) period [51] , which may eliminate or reduce the start-of-step errors. Thus, for a physical implementation, the prosthesis may be able to track a single nominal trajectory throughout the entire stride even though the human motion is both unpredictable and variable.
VI. CONCLUSIONS
Input-output linearizing control on a powered prosthesis can be performed using only information measured with on-board sensors. Similarly, human joint control can be modeled using input-output linearization while assuming that the human does not have direct knowledge of the prosthesis motion. The two subsystems are connected via the socket interaction force, which can be calculated given the motion of both the human and prosthesis. If the desired motion of both the human and prosthesis is known or accurately estimated, it is possible to a priori design controllers that are hybrid invariant and provably stable. If the pre-impact state of the human is not known (or is variable), then the post-impact state of the prosthesis cannot be calculated a priori and a hybrid invariant gait cannot be designed. Instead, the prosthesis controller is updated every step just after impact to force hybrid invariance.
Using this theoretical framework, amputee gait with a powered prosthesis was simulated. Stable gaits were designed at clinically relevant speeds and shown to converge to the periodic orbit. The powered prosthesis controller was also shown to be robust to a very important class of perturbations, namely, the variability in human motion. Thus, input-output linearization is a promising control approach for powered lower-limb prostheses. Using the methods in this paper, prosthesis controllers can be designed and tested in simulation prior to hardware implementation on amputee subjects, which is left for future work.
